We study the contribution of the twist-3 fragmentation function to the single-transverse spin asymmetry in semi-inclusive deep inelastic scattering within the framework of the collinear factorization. Making use of the Ward-Takahashi identity in QCD, we establish the formalism in the Feynman gauge to calculate the non-pole contribution of the twist-3 fragmentation function to the asymmetry and derive the complete cross-section formula in the leading order QCD perturbation theory. The obtained twist-3 hadronic tensor is shown to satisfy the electromagnetic gauge-invariance. The behavior in the small transversemomentum region for the five structure functions is also given.
Introduction 2 Twist-3 fragmentation functions
In this section, we introduce twist-3 fragmentation functions for a spin-0 hadron relevant to the present study. In the twist-3 accuracy, the four momentum of the hadron P h can be regarded as lightlike. The 2-quark correlator defines two real twist-3 fragmentation functions e 1 (z) and e1(z) as [32] ∆ ij (z) = 1 N X dλ 2π e −i λ z 0|ψ i (0)|h(P h )X h(P h )X|ψ j (λw)|0 = M N z (1) ij e 1 (z) + M N 2z (σ λα iγ 5 ) ij ǫ λαwP h e1(z) + · · · ,
where ψ i is the quark field with spinor index i. Here and below we use the nucleon mass M N to define all the twist-3 fragmentation functions as dimensionless quantities. 1 w µ is a light-like vector satisfying P h · w = 1. More specifically, for P µ h = (| P h |, P h ), w µ = (| P h |, − P h )/(2| P h | 2 ). N = 3 is the number of colors and ǫ λαwP h ≡ ǫ λαρσ w ρ P hσ with the Levi-Civita tensor being ǫ 0123 ≡ +1. We have suppressed the gauge-link operator between the fields for simplicity. e1(z) is a naively T -odd function which can be nonzero due to the final-state interaction and could contribute to nonzero SSA, whileê 1 can not cause the asymmetry.
We next introduce the F -type twist-3 fragmentation functions defined from the quarkgluon correlation functions [6] ) 0|ψ i (0)|hX hX|ψ j (λw)gF 
where F αβ ≡ F aαβ T a is the gluon's field strength with T a being the color matrices. E F and E F are, in general, complex functions. E F (z 1 , z 2 ) has a support on 1 > z 2 > 0 and z 1 > z 2 , while E F (z 1 , z 2 ) has a support on > 0. Replacing the field strength tensor gF αβ (µw)w β by the covariant derivative D α (µw) = ∂ α − igA α (µw) in (2), one can define (complex) D-type function E D (z 1 , z 2 ) by the same decomposition in the right-hand-side. However, E D (z 1 , z 2 ) is related to E F (z 1 , z 2 ) as [6] 
where e(z) is given by 
Here we have restored the gauge-link operators to emphasize that the derivative ← − ∂ α hits bothψ(λw) and [λw, ∞w] , and in writing down the relation (4) we have used the identity E F (z, z) = 0 [33, 34] . The function e(z) can be shown to be purely imaginary, i.e., Im e(z) = −i e(z). From QCD equation of motion, one has the relation [31] ,
which, combined with the relation (4), leads to an important relation in our analysis z dz
Im E F (z 1 , z 2 ) + zIm e(z) = e1(z).
In what follows, we shall obtain the contribution of the twist-3 fragmentation function to the single-spin-dependent cross section in terms of Im E F (z 1 , z 2 ), Im e(z) and e1(z). But the relation (7) allows us to eliminate e1(z) (or Im e(z)) in favor of the other two functions.
3 Collinear twist-3 formalism in Feynman gauge
Kinematics
Following [24, 40] , we summarize the kinematics for the SIDIS process,
where l, l ′ and P h are 4-momenta of the initial lepton, scattered lepton, and the produced hadron, respectively. This process is described by the five independent Lorentz invariants:
where the space-like momentum q t is the "transverse" component of q defined as
satisfying q t · p = q t · P h = 0. In the hadron frame where the virtual photon and the initial nucleon are collinear, i.e., both move along the z-axis, the momenta q and p are given by
The azimuthal angle of the hadron plane as measured from the xz plane is taken to be χ and thus the momentum of the final hadron is parameterized as
Correspondingly w µ becomes
The transverse momentum of the final hadron in this frame is given by P hT = z f q T , which is true in any frame where the 3-momenta q and p are collinear. The azimuthal angle of the lepton plane measured from the xz plane is taken to be φ and thus the lepton momentum can be parameterized as
with cosh ψ = 2x bj Sep Q 2 −1. The transverse spin vector of the initial nucleon S µ is parametrized as
with the azimuthal angle Φ S of S. Although three azimuthal angles φ, χ and Φ S are defined above, it is obvious that the cross section for ep ↑ → ehX depends on them only through the relative angles φ − χ and Φ S − χ. Thus, it can be expressed in terms of S ep , x bj , Q 2 , z f , q 2 T , φ − χ and Φ S − χ in the above hadron frame. Note that φ, χ and Φ S are invariant under boosts in the q-direction, so that the cross section presented below is the same in any frame where q and p are collinear.
With the kinematical variables defined above, the differential cross section for the SIDIS process with the unpolarized lepton is expressed as
where
µν is the leptonic tensor, W µν (p, q, P h ) is the hadronic tensor in the same normalization as in [4] , and α em = e 2 /(4π) is the QED coupling constant. The single-spin-dependent part in the cross section (15) describes the SSA in the process (8) .
Figure 1: Generic diagrams giving rise to the twist-3 fragmentation function contribution to the polarized cross section ∆σ. The upper blob represents the fragmentation matrix elements for the final hadron and the lower blob is the quark-transversity distribution. The middle blob denotes the partonic hard scattering part.
Analysis of hadronic tensor
We now consider the contribution from the twist-3 fragmentation function to the hadronic tensor W µν (p, q, P h ). Figure 1 shows the generic diagrams which give rise to the twist-3 effect originating from the final-state hadron. In these contributions, the quark transversity distribution h(x) can be immediately factorized from the hadronic tensor as
where x denotes the momentum fraction of the quark in the nucleon, and the summation over quark flavors is implicit. w µν receives contribution from each of the five diagrams depicted in Fig. 1 as
where k and k 1,2 are the 4-momenta of the quarks fragmenting into the final hadron, and we have suppressed the other momentum arguments P h , q and p for simplicity.
µν,α (k 1 , k 2 ) are the partonic hard parts represented by the middle blobs in Fig. 1 . Tr[· · ·] indicates the trace over spinor indices while the color trace is implicit. The hadronic matrix elements Fig. 1 (a) , (b) and (d), respectively, are defined as
Here the numbers in the superscripts denote the number of the coherent gluon lines coming out of the fragmentation matrix elements. ∆ (20) . We note the relations among these matrix elements and the partonic hard parts, ∆
These relations guarantees that the cross section is real. Since the leptonic tensor is symmetric (and real) under µ ↔ ν for the unpolarized electron, only the symmetric parts of S µν and S L,R µν,α contribute to the cross section. Therefore, in what follows, we shall omit the Lorentz indices µ and ν from S µν (k) and S L,R µν,α (k 1 , k 2 ) and represent their symmetric parts as S(k) and S L,R α (k 1 , k 2 ), respectively, for simplicity. Correspondingly, we simply write
In order to extract twist-3 effects we perform the collinear expansion of the hard part with respect to k and k 1,2 around the momentum P h . In the present study it is useful to define a projection tensor
With this tensor the momentum of a quark is expressed as
Accordingly the collinear expansion of S(k) may be performed as
where k · w = 1/z and we have used the short-hand notation as
). Here and below "c.l." indicates the collinear limit k → P h /z. Having this expansion, the first term in (17) becomes up to twist-3
with the light-cone matrix elements
where we have used a short-hand notation
Next, we consider the twist-3 effects arising from the quark-gluon correlation matrix elements in w (b,c) . As was the case for the contribution from the twist-3 distribution [3], we need to reorganize the twist-3 terms appearing in the collinear expansion to construct gauge-invariant F -type matrix elements. A main difference for the present case is that the nonperturbative matrix elements differ between w (b) and w (c) . Since the coupling of the transversely polarized gluon
gives rise to a power suppressed contribution compared with the coupling of the longitudinally polarized gluon (A · w)P σ h , one needs collinear expansion only for the latter. For convenience we introduce the notation
and perform the collinear expansion for this quantity as
Substituting this expression into w (b) , one finds in the twist-3 accuracy
2 Here ⊥ indicates the transverse component with respect to
, and the light-cone matrix elements are given by
Note the first term in (29) may be rewritten by the use of the tree-level Ward identity
By performing the integration over 1/z 1 , it is straightforward to see this term eventually becomes O(g) contribution of the gauge-link operator [λw, ∞w] for ∆(z) in (1). The remaining terms in (29) can be reorganized as
By writing ∆
(1)
A with
we find for the diagram (b) in Fig. 1 w
Tr ∆
(1)β
Carrying out a similar analysis for the diagram (c) in Fig. 1 , one obtains
where ∆ 
In our lowest order calculation with respect to the number of the coherent gluon lines, ∆
(1)β F can be regarded as the F -type correlation function defined in (2). Therefore, except for the first terms in w (a,b,c) , each term in w (a,b,c) is not gauge invariant. For the case of the pole contributions for the twist-3 distribution functions, sum of the diagrams corresponding to the same type of poles satisfies a particular WT identity due to the on-shell condition for an internal line. This leads to a cancellation among all gaugenoninvariant terms, leaving the gauge-invariant factorized expression for the corresponding twist-3 cross section [3, 4] . In the present case, however, such special on-shell condition is lacking, so that one has to reconsider the factorization property and prove the color gauge-invariance of the contribution of the twist-3 fragmentation functions. In the next subsection, we present such argument to establish the collinear twist-3 formalism for the non-pole contribution. Figure 2 : WT identity for a coupling of the scalar-polarized gluon with the momentum
σ onto the amplitude in the left of the final-state cut of S La σ (k 1 , k 2 ). For the quark line with the on-shell momentum xp, the spinor factor u(xp) is understood to be multiplied. The gluon-line goes into the final-state cut, and thus has the on-shell momentum and the physical polarization. The quark line with the momentum k 1 enters the fragmentation matrix element and thus the factor for this external line is amputated.
Ward-Takahashi identities and relation among hard parts
In order to show the factorization property for the non-pole contribution, one has to prove that all these gauge-dependent terms are combined into the matrix elements for the gaugeinvariant correlation functions. To show this, we first note the amplitude with an off-shell quark external line obeys a WT identity as (see Fig. 2 )
where we have supplied the color index a explicitly. The first term T a S(k 2 ) results from the sum of the first two terms in the right-hand-side of Fig. 2 and the ghost-like term G a (k 1 , k 2 ) appears due to the off-shellness of the fragmenting quark. This ghost-like term, however, can be neglected in our analysis as we will see below. The ghost-like term has the following structure,
where M µλ denotes γ * q → gq scattering amplitude and the polarization tensor P ρσ for the final gluon can be taken as
Then G a (k 1 , k 2 ) contains two factors which become zero in the collinear limit, i.e.,
Accordingly, the ghost-like term and its first derivatives with respect to the momenta k α 1,2⊥
vanish in the collinear limit:
We now rewrite the WT identity (39) as
where the sign of the iǫ-prescription is chosen so that this identity reproduces (33) in the collinear limit. Noting the relation (44), we take the derivative of (45) with respect to k 1,2⊥ and then take the collinear limit to obtain
Substituting these relations into the expression of w (b) in (37) and integrating over 1/z 1 , one obtains
where the single-variable light-cone matrix elements are given by
Here we observe that the operators in the matrix elements appearing in the second term of (48) By a similar analysis for the diagram (c), it is straightforward to derive
with the light-cone matrix element defined by
The operator appearing in this matrix element can be identified as one of O(g) part of the gauge-link operator [∞w, 0] in ∆ β ∂ (z) defined in (5) . In this way, one can identify the sum of (25), (50), (51) and (53) as ∆ β ∂ (z). Therefore, taking the sum of (23), (48) and (52), we find that the sum of w (a) + w (b) + w (c) can be written in a color-gauge-invariant form as
where we have dropped the superscripts (0) and (1), and have restored the Lorentz indices µ and ν to make the symmetrization for S L µν,α (z 1 , z 2 ) explicit. Finally, we consider the twist-3 contributions arising from the diagrams (d,e) in Fig. 1 . In this case, the corresponding hard part S L µν,σ (k 1 , k 2 ) obey a simple Ward identity, i.e.,
and the resulting factorization formula is expressed solely in terms of the gauge-invariant F -type matrix element (3) as
Equations (54) and (56) show that all the contributions arising from the twist-3 fragmentation functions have definite factorization property with manifest color gauge-invariance. We remark that the technique developed in this section can also be used to calculate other twist-3 observables which receive non-pole contribution, such as the double-spin asymmetry A LT , c.f. [38] .
Electromagnetic gauge-invariance of hadronic tensor
Here we show that the hadronic tensor obtained in the previous subsection satisfies the electromagnetic gauge-invariance. We first note that each contribution in (54) from different twist-3 fragmentation function does not separately satisfy electromagnetic current conservation. However, one can show the sum of them, w (a) + w (b) + w (c) , satisfies this property. To show this, we note the twist-3 relation (7) allows us to rewrite the 2-quark correlator (5) as
. (57) Inserting this expression and other matrix elements into (54), we find
In deriving this relation, we have used the fact that when q µ (or q ν ) is contracted with the right virtual-photon-quark vertex of the diagram in Fig. 1 (b) , the result vanishes due to the WT identity in QED. From this expression, one finds that (58) vanishes if the hadronic tensor satisfies the following relation:
To prove that (59) is indeed satisfied, we use the WT identity in QED,
which holds for the on-shell quark momentum
. By applying ǫ λαwP h ∂/∂k α to this relation and then taking the collinear limit k → P h z , one obtains the relation (59). For the proof of the second relation (60), we rewrite the left-hand-side of (60) as
One finds that this expression vanishes due to the WT identity in QED if one recalls that S La µν,α (z ′ , z) does not contain diagrams in which the collinear quark and gluon lines merge into a single quark line and it is exactly the first term in [ ], and that ǫ λαwP h guarantees the physical polarization for the coherent gluon. Therefore (60) is also satisfied. We thus find (54) meets the requirements for the current conservation.
Regarding the contribution of E F to the hadronic tensor (56), it is easy to check
by using the WT identity in QED. All in all, the non-pole contribution of the twist-3 fragmentation function to the hadronic tensor satisfies the electromagnetic gauge-invariance. 
Single-spin dependent cross section
With the gauge-invariant factorized expression at hand, we now turn to derive the Twist-3 fragmentation contribution to the SSA in SIDIS. To calculate the contraction (15), we introduce the following 4-vectors which are orthogonal to each other [40, 24] :
The hadronic tensor W µν can be expanded in terms of the six independent tensors V µν k
Using their inverse tensors V µν k given by
one obtains
By the expansion (67), the cross section for the SIDIS process consists of the five structure functions associated with A 1,2 , A 3 , A 4 , A 8 and A 9 , respectively, which have different dependencies on the azimuthal angle φ − χ. Calculating the Feynman diagrams shown in Fig. 3 , the single-spin-dependent cross section associated with the transversity distribution and the twist-3 fragmentation functions can be obtained to be
xp q (c)
(1) where
The symbol e a denotes the electric charge for quark-flavor a and the superscript a is supplied to each distribution and fragmentation function. The lower limits of the integrations are given by
Partonic hard cross sections ∆σ 4, 8, 9) are the functions ofx,ẑ andẑ ′ ≡ z f z ′ and are given as follows:
where F is a dimensionless factor given by
4.2 Azimuthal asymmetries and their asymptotic behavior at small-q T Using the obtained cross-section formula (69), we investigate the small-q T behavior of the azimuthal asymmetries, which becomes important to check the consistency with the description based on the TMD factorization approach. We now define new angle variables as,
where φ h and φ S are, respectively, the azimuthal angles of the hadron plane and the nucleon's spin vector measured from the lepton plane. With these variables, the polarized cross-section is now recast into
where the structure functions with different azimuthal dependencies are given by
In order to see the asymptotic behavior of the structure functions at small-q T , we need the expression for the δ-function in the q T → 0 limit;
Using this form in (69), we find
and F sin(3φ h −φ S ) ∼ 0 for the contributions from the twist-3 fragmentation functions, and thus they are suppressed at small-q T compared with the contribution from the quark-gluon correlation functions inside the transversely polarized nucleon [3, 9, 41] . On the other hand twist-3 fragmentation function gives a leading contribution to the other two structure functions as 
Im e a (z) z + Im e a (z)ẑ
Note the terms proportional to δ(ẑ−1) in (107) cancel due to the twist-3 relation (7). Twist-3 quark-gluon correlation function in the nucleon gives rise to these structure functions as F sin(φ S ) distribution ∼ 1/q 2 T and F sin(φ h +φ S ) distribution ∼ 1/q T , which may be compared with the above result (107) and (108). Thus, for the sin(φ S )-asymmetry, two contributions are equally important. The obtained asymptotic part (108) for the Collins azimuthal asymmetry does not agree with that derived in the previous study [29] in which the authors did not include the contribution from e1 and E F . We emphasize that the inclusion of e1-contribution is crucial to guarantee the electromagnetic gauge-invariance, as we saw in Sec. 3.4.
For a confirmation of the matching/mismatching between the collinear twist-3 approach and the TMD factorization approach for all structure functions, we need to know the asymptotic behavior of the relevant TMD functions in its high transverse-momentum region. We will investigate this issue in the future publication.
Summary
In this paper, we have calculated the contribution of the twist-3 fragmentation function to the SSA in SIDIS. We have established the collinear twist-3 formalism in the Feyn-man gauge to derive the single-spin dependent cross section formula. There, the relations among hard parts based on the WT identities play a crucial role in reorganizing the matrix elements into the color gauge-invariant ones. We have also shown the obtained twist-3 hadronic tensor satisfies the electromagnetic gauge-invariance. Together with the formalism for the pole contributions [3, 4] , present work completes the theoretical formalism to calculate the twist-3 cross sections for p T -dependent processes within the framework of the collinear factorization in QCD. Using the complete cross-section formula, we have derived the asymptotic behavior of the azimuthal asymmetries in the small-q T region.
